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k spring constant, 1b/ft

Mo total pitching moment of cone alone
m mass of cone alone, slugs
my mass of ballast, slugs
q pitching velocity, rad/sec
qQ_ free-stream dynamic pressure, lb/ft?
t flight time, sec f
\Y velocity along flight path, ft/sec
X horizontal displacement from inertial reference, ft
Xy, distance from cone center of gravity (XCgcone) to ballast, ft
Xeg center-of-gravity location of cone alone, ft
cone
xCgsys center-of-gravity location of cone-ballast system, ft
Xcp center-of-pressure location on cone, ft
y displacement of ballast normal to cone axis of symmetry, ft
z vertical displacement from inertial reference, ft
o angle of attack, rad
Y swerve angle, rad ;
N ratig of damping to critical damping for ballast system, ?
*
6 pitch angle, rad
o atmospheric density, slugs/ft? .
wy natural frequency of cone in equation (13), 2nf rad/sec
wo natural frequency of ballast in equation (13), 2ﬂfy, rad/sec
(.) first derivative with respect to time, g% %
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THE EFFECTS OF A NONRIGIDLY SUPPORTED BALLAST ON THE
DYNAMICS OF A SLENDER BODY DESCENDING
THROUGH THE ATMOSPHERE
By Gerald N. Malcolm

Ames Research Center

SUMMARY

The effects of a nonrigidly supported ballast on the dynamic behavior of
a slender body with linear aerodynamics descending through the atmosphere in
planar motion are investigated. The equations of motion of both the main
vehicle and the spring-mounted ballast are derived and specific examples are
presented to illustrate the resulting motions. Divergent oscillations of the
main vehicle occurred for those conditions near the coalescence of frequency
of the main body and ballast motions. Divergence occurred earlier in the
flight when spring stiffness was decreased, or when ballast damping was
increased for a given spring stiffness.

INTRODUCTION

Many atmosphere-entry bodies, particularly slender bodies, are ballasted
for adequate aerodynamic static stability. The ballast typically is heavy,
dense, and difficult to support in a perfectly rigid fashion under dynamic con-
ditions. The purpose of this paper is to report some effects on the vehicle
dynamics when the ballast is not rigidly supported but oscillates as part of a
coupled system with the main vehicle.

The differential equations of planar motion for a body with linear
aerodynamics and a flexibly mounted mass are derived; and a specific example -
a slender cone with spring-mass system to represent the ballast arrangement -
is used to illustrate some of the possible results of vehicle-ballast dynamic
interaction.

EQUATIONS OF MOTION

The system to be analyzed consists of a main body - in this case, a
slender cone - and an internal nonrigidly supported ballast simulated by a
simple spring-mass system. The cone motion is restricted to one degree of
freedom in rotation and two degrees of freedom in translation, all in a single
plane. The ballast motion is restricted to this same plane and has one-
dimensional motion perpendicular to the cone axis. The system is shown in
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sketch (a) where m; and mp are the

masses of the cone and ballast,

respectively. The centers of gravity

of the cone alone, Xcg , and of
cone

the system, XCgsys’ (if the ballast

were rigidly mounted) are shown with
the aerodynamic center of pressure,
Xcp. The distance of the ballast

center of gravity from the reference
point (i.e., the center-of-gravity
position of the cone alone) is
Note that Xcg , the center of

sys

gravity of a system consisting of a
vehicle with moving parts, does not
remain stationary so is not a suit-
able reference. The total spring
constant in the ballast system is k.

This system is shown again in
sketch (b) with an inertial reference
system and body-fixed aerodynamic
forces Fy and Fy. The center of
rotation for the aerodynamic moment,
Mgy, is the center of gravity of the
cone alone. Shown also are angles
8, the angular position of the cone
with respect to the inertial x-axis,
a, the angle of attack, and vy, the
swerve angle.

Referring to sketch (b) we can write the differential equations of motion.

If small angles are assumed, for example,
sin(a)

cos (a)

e

o

1

n

and gravity forces are neglected, the moment and force relationships are

I6 = My + (ky + by)xy + mpXy (1)
myz; = Fy + ky + by (2)
mpzp; = ky - by (3)

z2

where

zy + Xbé +y (4)



d\ : d\ .
My = Cmaaqud + Cmqqud (V) o + Cmdqud (V) a
FN = CNOLOquoA
Fy = Cxqu
o x
T T om; + mp

=

Note that the aerodynamic normal force, Fy, and the restoring moment, M,, were
assumed to vary linearly with angle of attack and that the axial force, F

x’
was assumed constant. From sketch (b)

8 = o + v (5)

6 =a+y (6)

6 =0 + v (7)

x =V (8)

fe v o 9

21 = Vy (10)

5. 0= Vy + Vy (11)

From equation (11) noting that q = (1/2)pV2, we solve for Q and substitute

[ee)]

for z; from equation (2)

5oy Cy . apVA .
7, Vy Ng %P . ky + by . CxpVA

Y= Y - 2mq Vm, 2(m; + mp) Y (12)
" Differentiating equation (12), we get
. CNaapVA . CNaapVA . CNaapVA . k& + by
1 Y= 2mg 2m, 2my Vmy
.. C.oVA C 6VA C.oVA
. ky +2by V4 = v o+ X Yy + ————ji————-y (13)
v 2(my + mp) 2(my; + mp) 2(my + mp)

If we substitute for Q from equation (9) and vy from equation (12) and
neglect second-order terms with products of coefficients such as CNaCX,



Cn pVA CN.apVA C.OVA . ..
SR N . xP y + Xy * by (14)
2my 2m, 2(my + mp) Vm,

If the terms that are small relative to the other terms in equations (12) and
(14) are eliminated
CNaupVA CNa“qu

<
n
|

2m1 - le
E
. CNapVAa _ CNuqu“
Y 2m; Vmy 2
If we now substitute for y and Y into equations (6) and (7) and then
substitute for 6 and 6 1in equations (1) and (4),
C Al
Io - |- _ﬁ&if__ + q Ad (ﬂ) (C + C a
. m, _
- Cmaaqud - (ky + by)xb + EG—:—EE-FXy =0 (15)
. CNa&q A
Zyo = Z] + Xb(OL + T)"‘ y (16)
Note that the (Cy + Cm&)& term in equation (15) is damping due to pitching
and the CNad terms in both equations (15) and (16) are damping terms due to
plunging or swerving of the vehicle. Now equations (2), (3), (15), and (16)
can be used to produce two simultaneous differential equations in o and y.
Substituting into equation (16) for zj and z, from equations (2) and (3),
we get
Cy.aq A «
= (M1 T M\ /by . m) + M\ k .. Fy Ng®d A |
y+( m) )(E)y ( m )(ﬁz)y+xba+ﬁl_1_+xb v - O 17)
If we substitute for (ky + by) from equation (17) into equation (15),
MMy . 2)z g A ( mymy 5 d . »
(I e )8 [ v (e %) Al () Cng ¢ ony) | ¢
n 4
m)my - 2 m2 -
- Cmaaqud + o+ m;»xby + EG—:—EEVXbFN + T m, Fyy = 0 (18)

Rewriting equations (17) and (18) and substituting coefficients for Fy and Fy
and abbreviating the & coefficient in equation (18) with CMQ, we get
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aw

. m) + M\ /b - mp + mp\/k . QA & _
7 () @) 7 ) ) v i+ e oxg b+ g m) = 0

(19)

miymy AR d) . —-mz b
<I * e mg b )“ - [a pa@)om]a - 0 (Cm“ T N )

mlmz m

xby + Cxq_Ay = 0 (20)

m; + mp m; + mp

Note that in equation (20) {I + [mimyp/(m; + mz)]xbz} is the moment of inertia
about the instantaneous center of gravity of the system, designated Isyss
and that {Cma - [my/(m; + mz)]CNa(xb/d)} is the pitching-moment curve slope

for the system if the ballast is rigidly mounted, that is, Cmdsys'

In equation (19) b can be expressed conveniently in terms of some
fraction of critical damping. Critical damping will be arbitrarily defined
here as that minimum value of b that would cause the ballast to lose its
oscillatory behavior if it were mounted on a stationary platform. (This is
not to be construed as the critical damping for the entire system; that quan-
tity is undefined.) From simple harmonic-motion theory, then, b.pir = 2/kmz
and

b = —>— (2/kmp) = np(2vkmy)

berit

If ZnRVkmz is substituted for b in equation (19), then

. mp + mp kK . Mprm (1<> . qA & _
AR e WS A el 0 FAE RS M CEE SR

(21)

Equations (20) and (21) must be solved numerically. However, some
simplifying assumptions will enable the equations to be solved in closed form,
and the solutions can be useful in indicating trends.

Closed-Form Solution

If q 1is assumed constant and the aerodynamic and spring damping

(CMQ = ng = 0) are neglected, equations (20) and (21) can be rewritten in the
form
a + Kjo + sz + Ky =0 (22)
y + Kyo + Kga + Ky = 0 (23)



where

Ke

Closed-form solutions can
conditions at t =0, o =

~
H

Q
1l

n

m2 A
_ Iy + mp qu
- I mim, >
mp + mp D
C Na qu
= m1
= xb

be written for these equations, and with initial
Ggs ¥ = Yo» & = Gg, ¥ =y, they can be expressed as

C; cos wit + Cp sin wyt + C3 cos wot + Cy sin wyt

(24)

Cs cos wyt + Cg sin w3t + Cy cos wyt + Cg sin wot

(these expressions are valid only up to and including the point where
frequency coalescence occurs, that is, w; = w;) where

Gy, - o
CL=—%—7

v e

ar

E 1Y



R
C3 =y, - C1
C, = Yo ;2C2w1
Cs = CH

Ce = CoH

C; = C3G

Cg = CuG

and

(Kz + 1)(,022 - (K3 + KG)
(K1 + Ky) - (Ks + Dwy?

(K, + Dw;? - (K3 + Kg)
(Ky + K,) - (Kg + 1w ?

From equation (24) we can express the primary natural frequencies of the cone
and ballast, respectively,

1/2
Ay F (A2 - A2
Wy,w2 =[ 12 Z (25)

where

KoKs - 1

K3;K, - K;K
Ay, = 4 23tk T M
K,Ks = 1

and K is defined as before. Frequency coalescence is defined as the
condition where w; = ws.




When frequency coalescence takes place, (qm/k)fc can be written in

terms of the body and aerodynamic-force parameters. From equation (25) it is

apparent that frequency coalescence occurs (w; = wp) when A2 - Ay, = 0. If
we substitute the above expressions for A; and A, into A;2 - A, = 0 and

solve explicitly for (q /k)gc

2 .
B; (%?) + By (%?) + B3 =0 (26)
fc fc :
and
(gg) _ -Bp * (B2? - 4B1B3)!/? 27)
k fc 2B,
where

. 24, 2 2
) m22A2Xb2Cx2 2 5y 2m,A dxb Cmea 4myA CxCNaI

By = —— 02 X4 ¢ AZd2 + ¥
(my + my) Mo, my + mp (mp + mp)m;

-xn I 3m -2x11 m, + m
Bz=2A|:CX<mb _mxb+§-l)+cN ( mb>+cmud<——ém 2I—xb>]
1 1 2 o 1 112
2
I(m; + my) 2
B3 = [——mlmz + Xb

DISCUSSION OF RESULTS

A complete study of all the parameters that affect the oscillatory motion
of the vehicle was not attempted. Rather, a specific cone with a given flight
trajectory, in terms of time, velocity, and dynamic-pressure variation with
altitude, was used as a model. The effects of spring stiffness and spring
damping in the simulated ballast system and the effects of aerodynamic damping
were investigated to ascertain their influence on the oscillatory frequency
and amplitude of both the ballast and the vehicle. The influence of varying
the ballast location is also examined briefly. The values used for the geo-
metric parameters and aerodynamic coefficients are listed below (see
sketch (a) or (b)):

d = 2.5 ft
1 =17.0 ft
X = 3.956 ft
Cgsys



X = 4.780 ft
C8cone

Xcp = 4.928 ft
Xp = 2.36 ft
m; = 12.36 slugs
my = 6.64 slugs

I = 44,44 slug-ft? (Isys = 68.5)

CNa = 1,95
Cx = 0.075
Cma = -0.110 (Cma = -0.753)

sys
Cp. + Cm. = 0, -1.5

The flight trajectory used for the investigation is shown in figure 1,
where velocity, dynamic pressure, and oscillatory frequency for a rigid system
(infinite spring constant) are shown for an altitude range from 200,000 to
20,000 feet. Also shown is elapsed time with t = 0.0 at h = 200,000 feet.
The initial entry angle was taken to be -22°.

60~
50 -
Q
%
401
oL 8
V\— Q
3 -
= .
™" 30|~
o
x
s | ¢
20"
o
X
>
o
ol ol : '

20 40 60 80 100 120 140 160 180 200
hx1073,

Figure 1.- Flight trajectory parameters for example case.



Oscillatory motions of both conical vehicle and ballast were obtained by
integrating numerically the coupled equations (20) and (21), where V and q_
were entered in tabular form as functions of time. The motions were started
at the velocity and dynamic pressure corresponding to 200,000 feet altitude.
The other initial conditions were a = 0.2 rad, ¢ =0, y =0, y = 0. The
resulting motions were then studied to determine the frequency and amplitude
behavior of both cone and ballast and to determine whether conditions might
occur at which the cone angle-of-attack oscillations would be divergent.

Figure 2 shows typical motions of cone and ballast as functions of time.
For this case k = 5,000 1b/ft, ng = 0, and Cmq + Cm& = 0. Initially the

primary oscillatory frequencies of the two motions are much different. At
high altitude (where gq_ 1is very small), the ballast oscillates at a primary
frequency, f , near the natural frequency for a two-body system uninfluenced
by any external forces or moment; that is,

, 172 , 172
_ 1 ko fm rmy  MpXp > MY My MXp )
ty = 5 //;; ( m; T - ( my T I foy (28)

where f, is the natural frequency of a simple mass spring-mounted to a

rigid platform. The frequency is about 6.7 cps, nearly equal to the 6.73 cps
calculated from equation (28) estimated for flight in a vacuum (where q, = 0).

(The ballast frequency, f, , would be 4.37 cps if the cone were held station-

ary.) Initially each motion for y and o has a secondary natural frequency,
which is simply the other's primary natural frequency. As the dynamic pres-
sure increases with time, the primary oscillatory frequency, f,, of the cone
increases at a faster rate than would be expected for a rigid system. The
difference is shown in figure 3, where £, 1is plotted as measured directly
from the motion in figure 2 and fou is the frequency for a rigid system.

Since only a portion of the ballast motion in figure 2 exhibits a primary fre-
quency that can be measured directly, the fy curve was calculated from the
closed-form solution (eq. (25)) for various values of q, and then plotted
versus the corresponding time, t. The closed-form solution agreed perfectly
with f, and f, that were measurable from figure 2. It is evident that as

q, Aincreases (and consequently £ ), the primary ballast frequency decreases
until at t = 10.2 seconds the ballast and cone frequencies are the-same (fre-
quency coalescence). However, figure 2 shows that the motion diverges at

t ~ 9.2 seconds, that is, before frequency coalescence takes place. Despite
the onset of divergence the frequencies behave as predicted by equation (25).
The amplitude of both cone and ballast increase until the ballast motion is
bounded by the cone walls. At this point (t = 10.3 sec, see fig. 2)
describing the motion of the system becomes more complex and is beyond the
scope of this investigation.

Some motions obtained from closed-form solutions help to understand why
the coupled motion of the ballast and cone cause divergence prior to frequency
coalescence., Figure 4 illustrates ballast and cone motions at constant values
of q_ corresponding to values just prior to and at frequency coalescence.

10
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Cone frequency with nonrigid baliast (measured from fig. 2)

8- ~Cmg,,, Ad
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Figure 3.- Comparison of frequencies for rigid
and nonrigid systems.
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Figure 4.- Oscillatory motion of cone and ballast
at constant dynamic pressure.



When the two bodies oscillate at nearly identical natural frequencies

(fig. 4(a)), a "beat frequency' is established in which the ballast motion
first lags, then leads the cone motion. At frequency coalescence (fig. 4(b))
the ballast lags continuously. Applying this quasi-steady interpretation of
the lag phenomenon to the variable q_ case in figure 2, we conclude that the
divergent motion occurs somewhat before frequency coalescence is reached
because of the >180° lag of the ballast that is typical of part of the beat
frequency motion. Because q, 1s continuously increasing, the beat frequency
does not fully form and the ballast lags continuously until coalescence.

The effect of the ballast on the cone motion is illustrated in figure 5
where the amplitude history of the cone with a nonrigid ballast is compared to
one calculated for a completely rigid system. Note that for the rigid body
the amplitude decreases despite the fact that Cmq + Cmd = 0 because of the

increasing q_ with time and the damping contribution from plunging. It is
apparent that the amplitude ratio is affected by the ballast long before fre-
quency coalescence conditions occur; in fact, the motion diverges before
coalescence conditions are reached because of the >180° lag discussed above.
The point at which the ballast reaches the cone wall is also indicated.

10—

Cmg + Cmg 27870 k=5000 b/ft (f, =4.37)

Ballast contacts:
cone wall

a/ag Frequency coalescence

) 1
20 40 60 80 100 120 140 160 180 200
hxI073,

Figure 5.- Envelope of oscillatory cone motion.

Effects of Changing Spring Force
and Damping Constants

To see what effect a change in spring stiffness or the addition of
damping to the ballast system has on the cone oscillatory history, amplitude

ratio (where o, is 0.2 rad at h = 200,000 ft) versus altitude is plotted in

13



figure 6 for three different spring constants k = 5,000, 15,000, and

50,000 1b/ft. For comparison, the amplitude ratio for a rigid system is also
shown. The damping-in-pitch parameter, Cp_+ Cm&, and ballast damping, np,
are both zero. The effect of decreasing the stiffness (decreasing k) of the
ballast is to produce oscillatory divergence at a higher altitude (and

lower q_).

CmgtCmg =mR=0
® Frequency codlescence
A Ballast contacts cone wall

k=5000 Ib/ft
fo,=4.37
AN

k=15000 b/ft

k=50,000 Ib /ft
foy = 7.56

fo, 138

a/ay

t 1
100 120

hx1073, ft

, 1 1
20 40 60 80 140 160 180 200

Figure 6.- Envelope of oscillatory cone motion for three different spring stiffnesses.

Ballast damping.- Figure 7 shows the effect of introducing damping into
the ballast system for three different spring constants. The damping values
go to a practical upper limit of ng = 1.0 (the critical damping value for the

ballast system if the ballast were attached to a rigid platform) and the
effect of increased damping is to cause divergence to occur sooner in the
flight. The reason is simply that if the ballast system includes damping, the
ballast will lag behind the cone sooner than it would if there were no
internal damping. In all cases the amplitude ratio is plotted until the

ballast contacts
whichever occurs

Aerodynamic

the cone wall or the amplitude ratio increases to 1.0,
first.

damping.- Figure 8 shows that aerodynamic damping delays the

onset of divergence, as one would expect. Note also that for the rigid-body
case there is no divergence during the decreasing dynamic pressure part of the
trajectory (i.e., altitudes below 37,000 ft), in either case because even when
Com. + Cmd = 0, there is sufficient damping from the plunging motion (CNad

term) to prevent divergence in angle of attack.

14



1.0 Cmq+cm&=o 7r=.l ng=1.0

a’a,

Rigid system

(a)

1
1.0 Cmq*Cmg=0

7R =0
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Rigid system
(b)

10 Cmgy+Cmg =0 7R 1.0

R *

a/a,

Rigid system

(c)

| | | 1 { | i
20 40 60 80 100 120 140 160 180 200

hx1073, ft

0

(a) k 5,000 1b/ft (foy = 4,37 cps).
(b) k = 15,000 1b/ft (fQy = 7.56 cps).
(c) k 50,000 1b/ft (foy = 13.81 cps).

Figure 7.- Envelope of oscillatory cone motion for various ballast damping conditions.
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10 Cmq+ Cmg =0 \
——— Cmg* Cmg =~1.5
8
k=5000 Ib/ft (f,, =4.37cps)
K
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al-
2
0 L ) 1 1 1 ]
20 40 60 80 100 120 140 160 180 200
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Figure 8.- Effect of aerodynamic damping on cone amplitude history.
Results From Closed-Form Solutions

We have already seen in the discussion of figure 3 that the closed-form
solutions are very useful for calculating frequency histories (eq. (25)) by
using discrete points along the trajectory and for calculating the point in
the trajectory where a frequency coalescence condition exists (qoof can be

calculated directly from eq. (27) and this in turn can be related to a
specific time, t, from fig. 1).

In addition the closed-form solution (eq. (27)) can be used to determine
the effect of the longitudinal location of the ballast on the coalescence
point for the system. In figure 9 (qw/k)fC is plotted as a function of the

{0}
F Eq.(27)
Fl&ﬂ
8k
Ccone
4= gl

2
=
~
2 qf

o

| 1 1 | | | | | I
0] 4 .8 1.2 1.6 20 24 2.8 3.2 36

Xp, ft

Figure 9.- Variation of dynamic pressure to spring stiffness ratio at frequency coalescence with
ballast location.
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ballast location xp. The most important point is that if the ballast
location is less than x, = 0.465 ft, there is no theoretical frequency coales-
cence. Above x;, = 0.465 there are two q_/k conditions that will produce

coalescence although the lower one is more significant since it would be the
first to be encountered in an atmosphere entry. This coalescence point can,
of course, be coordinated with a specific altitude by using the gq_ history
with altitude (as in fig. 1). It should be emphasized that this criterion
for minimum xp to produce frequency coalescence is for the specific body
parameters used in this paper and would be numerically different if the body
dimensions or aerodynamic coefficients in equation (27) were changed.

CONCLUSIONS

The effects of a nonrigidly supported ballast on the dynamic behavior of
a slender body with linear aerodynamics descending through the atmosphere in
planar motion have been investigated. Some important conclusions can be drawn.

The point at which frequency coalescence (ballast and cone frequencies
are equal) occurs in a flight with variable dynamic pressure can be predicted
accurately by means of closed-form solutions if constant values of dynamic
pressure are assumed and aerodynamic and ballast damping are ignored. However,
it has been shown that the amplitude of oscillations diverges before frequency
coalescence is experienced. This amplitude divergence is caused by the con-
tinuous >180° phase lag of the ballast motion relative to that of the cone
just prior to frequency coalescence. (Phase lag is exactly 180° at frequency
coalescence.) In addition, it was found that

1. Decreasing the stiffness of the ballast support causes divergence
earlier in the flight (higher altitude and lower dynamic pressure).

2. Introducing damping into the ballast system (at least up to the point
of critical damping for the ballast mounted on a stationary platform) produces
the phase lag sooner in the flight than if there were no internal damping and
therefore promotes earlier divergence of the oscillations.

3. Aerodynamic damping delays the onset of divergence.
4. Varying the ballast longitudinal location has large effects on the
altitude at which divergence occurs. There is a minimum distance from the

cone center of gravity to the ballast location below which no frequency
coalescence can exist.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., 94035, Sept. 29, 1969
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